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1. Introduction
In this paper we consider the following even-order half-linear distributed delay differential equation with damping of
the form
[r(t)ϕα(x(n−1)(t))]′ + p(t)ϕα(x(n−1)(t))+
∫ b
a
q(t, ξ)ϕα(x[g(t, ξ)])dµ(ξ) = 0, t ≥ t0, (1.1)
where ϕα(s) = |s|α−1s, α > 0 is a constant, n is an even number, r(t) ∈ C1([t0,∞), (0,∞)), p(t) ∈ C([t0,∞), [0,∞)),
q(t, ξ) ∈ C([t0,∞)×[a, b], [0,∞)) is not identically zero on any [t∗,∞)×[a, b], t∗ ≥ t0; g(t, ξ) ∈ C([t0,∞)×[a, b], R),
g(t, ξ) ≤ t , limt→∞ infξ∈[a,b]{g(t, ξ)} = ∞, g(t, ξ) is nondecreasing with respective to t and ξ , there exists ddt g(t, a);
µ(ξ) ∈ ([a, b], R) is nondecreasing, the integral of Eq. (1.1) is a Stieltjes one.
By a solution of Eq. (1.1) we mean a function x(t) ∈ Cn−1([TX ,∞), R) for some TX ≥ t0 which has the property that
|x(n−1)(t)|α−1x(n−1)(t) ∈ C1([TX ,∞), R) and satisfies Eq. (1.1) on [TX ,∞). A nontrivial solution of Eq. (1.1) is said to be
oscillatory if it has arbitrarily large zeros; Otherwise it is said to be nonoscillatory. Eq. (1.1) is oscillatory if all of its solutions
are oscillatory.
Eq. (1.1) with n = 2, P(t) ≡ 0, q(t, ξ) ≡ q(t), g(t, ξ) ≡ g(t), ξ ∈ [a, b] and  ba dµ(ξ) = 1, namely, the half-linear
equation
[r(t)|x′(t)|α−1x′(t)]′ + q(t)|x(t)|α−1x(t) = 0, t ≥ t0, α > 0, (1.2)
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and related equations have been the subject of intensive studies in recent years because these equations are natural
generalizations of the linear equation
[r(t)x′(t)]′ + q(t)x(t) = 0. (1.3)
For recent contributions we refer the reader to [1–13] and references therein. As far as we know Eq. (1.1) has never been
the subject of systematic investigation.
In this paper, by using the generalized Riccati technique and the averaging method as well as an inequality due to Hardy,
Littlewood and Polya,we obtain several newoscillation criteria for Eq. (1.1), which extend and improve some existing results
recently.
2. Main results
The following four lemmaswill be needed in the proofs of our results. Lemmas 2.1–2.3 can be found in [4,14], respectively.
Lemma 2.1 ([15]). Let u(t) be a positive and n times differential function on [0,∞). If u(n)(t) is constant sign and not identically
zero on any ray [t0,∞), t0 > 0, then there exists a tu ≥ t0 and an integer l (0 ≤ l ≤ n), with n+ l even for u(t)u(n)(t) ≥ 0 or
n+ l odd for u(t)u(n)(t) ≤ 0; and for t ≥ tu,
u(t)u(k)(t) > 0, 0 ≤ k ≤ l; (−1)k+lu(t)u(k)(t) > 0, l ≤ k ≤ n.
Lemma 2.2 ([15]). Suppose that the conditions of Lemma 2.1 are satisfied, and
u(n−1)(t)u(n)(t) ≤ 0, t ≥ uu,
then for any constant θ ∈ (0, 1) and sufficiently large t, there exists a constant M, satisfying
|u′(θ t)| ≥ Mtn−2|u(n−1)(t)|.
Lemma 2.3 ([14]). If A, B are nonnegative, then
Aλ + (λ− 1)Bλ − λABλ−1 ≥ 0, λ > 1,
where equality holds if and only if A = B.
Lemma 2.4. Suppose that x(t) is a nonoscillatory solution of Eq. (1.1), if
lim
t→∞
∫ t
t1
[
1
r(s)
exp

−
∫ s
t1
p(τ )
r(τ )
dτ
] 1
α
ds = ∞, for all t1 ≥ t0, (2.1)
then
x(t)x(n−1)(t) ≥ 0, x(t)x(n)(t) ≤ 0, and x(t)x′(t) > 0, for all large t.
Proof. Without loss of generality, we may assume that x(t) > 0 on [t1,∞), t1 ≥ t0. As limt→∞ infξ∈[a,b]{g(t, ξ)} = ∞,
there exists a t2 ≥ t1 such that x[g(t, ξ)] > 0 on [t2,∞)× [a, b]. From Eq. (1.1), we have
[r(t)ϕα(x(n−1)(t))]′ + p(t)ϕα(x(n−1)(t)) ≤ 0, for t ≥ t2,
that is[
exp
∫ t
t2
p(s)
r(s)
ds

r(t)ϕα(x(n−1)(t))
]′
≤ 0,
which gives that exp(
 t
t2
p(s)
r(s)ds)r(t)ϕα(x
(n−1)(t)) is nonincreasing and x(n−1)(t) is of one sign eventually. If there exists a
t3 ≥ t2 such that x(n−1)(t) < 0 for t ≥ t3, we have
exp
∫ t
t2
p(s)
r(s)
ds

r(t)ϕα(x(n−1)(t)) ≤ exp
∫ t3
t2
p(s)
r(s)
ds

r(t3)ϕα(x(n−1)(t3)) < 0,
so
ϕα(x(n−1)(t)) ≤ 1r(t) exp

−
∫ t
t3
p(s)
r(s)
ds

r(t3)ϕα(x(n−1)(t3)).
Consequently,
x(n−2)(t) ≤ x(n−2)(t3)− [−r(t3)ϕα(x(n−1)(t3))] 1α
∫ t
t3

1
r(s)
exp

−
∫ s
t3
p(τ )
r(τ )
dτ
 1
α
ds.
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In view of Condition (2.1), it follows that limt→∞ x(n−2)(t) = −∞. However n is even, by Lemma2.1we find x(n−1)(t) < 0
implies that x(n−2)(t) > 0 for sufficient large t . We now get a contradiction. Therefore, we obtain that x(n−1)(t) > 0
eventually.
From Eq. (1.1), we have
0 ≥ [r(t)ϕα(x(n−1)(t))]′ = r ′(t)(x(n−1)(t))α + αr(t)(x(n−1)(t))α−1x(n)(t),
then x(n)(t) ≤ 0 eventually.
In view of x(n−1)(t) > 0, n is even and l is odd, again from Lemma 2.1, we have x′(t) > 0 eventually. This completes the
proof of Lemma 2.4. 
Theorem 2.1. Suppose that (2.1) holds, and there exists ρ(t) ∈ C ′([t0,∞), (0,∞)) such that for all sufficient large t,
lim sup
t→∞
∫ ∞
T

ρ(s)q(s)− λρ(s)r(s)
(g ′(s, a)gn−2(s, a))α

ρ ′(s)
ρ(s)
− p
′(s)
r(s)
α+1
ds = ∞, (2.2)
where λ = 2α
(α+1)α+1Mα , q(s) =
 b
a q(s, ξ)dµ(ξ), then Eq. (1.1) is oscillatory.
Proof. Suppose on the contrary that Eq. (1.1) has a nonoscillatory solution x(t). Without loss of generality, we may assume
that x(t) > 0 for t ≥ t1 ≥ t0 and x[ g(t,a)2 ] > 0 for t ≥ t2 ≥ t1. From Lemma 2.4 we have x′(t) > 0 x(n−1)(t) > 0 and
x(n)(t) ≤ 0 for t ≥ t3 ≥ t2. Define
W (t) = ρ(t) r(t)(x
(n−1)(t))α
xα

g(t,a)
2
 , t ≥ t3.
In view of Eq. (1.1), we have
W ′(t) =

ρ ′(t)
ρ(t)
− p(t)
r(t)

W (t)− ρ(t)
 b
a q(t, ξ)x
α[g(t, ξ)]dµ(ξ)
xα

g(t,a)
2
 − αg ′(t, a)x′

g(t,a)
2

2x

g(t,a)
2
 W (t).
Noting that g(t, ξ) is nondecreasing to ξ , and Lemma 2.2 we obtain
W ′(t) ≤ −ρ(t)q(t)+

ρ ′(t)
ρ(t)
− p(t)
r(t)

W (t)
− αM
2
g ′(t, a)gn−2(t, a) (ρ(t)r(t))−
1
α (W (t))
α+1
α , for t ≥ T ≥ t3, (2.3)
where q(t) =  ba q(t, ξ)dµ(ξ).
Fix t ≥ T and set
A = α αα+1 G αα+1 (t)[ρ(t)r(t)]− 1α+1W (t), λ = α + 1
α
> 1,
and
B =

α
α + 1
α 
α−
α
α+1 G−
α
α+1 (t)

ρ ′(t)
ρ(t)
− p(t)
r(t)

[ρ(t)r(t)] 1α+1
α
,
where G(t) = M2 g ′(t, a)gn−2(t, a).
By Lemma 2.3 we have
ρ ′(t)
ρ(t)
− p(t)
r(t)

W (t)− αG(t) (ρ(t)r(t))− 1α (W (t)) α+1α ≤ ρ(t)r(t)
(α + 1)α+1Gα(t)

ρ ′(t)
ρ(t)
− p(t)
r(t)
α+1
.
Now inequality (2.3) reduces to
W ′(t) ≤ −

ρ(t)q(t)− λρ(t)r(t)
(g ′(t, a)gn−2(t, a))α

ρ ′(t)
ρ(t)
− p(t)
r(t)
α+1
, t ≥ T ,
where λ = 2α
(α+1)αMα .
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Integrating the above inequality from T to t , we get
0 < W (t) ≤ W (T )−
∫ t
T

ρ(s)q(s)− λρ(s)r(s)
(g ′(s, a)gn−2(s, a))α

ρ ′(s)
ρ(s)
− p(s)
r(s)
α+1
ds. (2.4)
Taking Limsup on both sides of (2.4) as t →∞. We obtain a contradiction to Condition (2.2). This completes the proof. 
We can apply Theorem 2.1 to the second order half-line equation
[r(t)|x′(t)|α−1x′(t)]′ +
∫ b
a
q(t, ξ)|x[g(t, ξ)]|α−1x[g(t, ξ)]dµ(ξ) = 0, (2.5)
we get the following new results.
Corollary 2.2. If there exists ρ(t) ∈ C1([t0,∞), (0,∞)) such that
lim sup
t→∞
∫ t0
t
[
ρ(s)q(s)− ρ
′(s)r(s)
(α + 1)α+1

ρ ′(s)
ρ(s)g ′(s, a)
α]
ds = ∞, (2.6)
then Eq. (2.5) is oscillatory.
Remark 1. The above Corollary 2.2 extend Corollary 2.1 of Agarwal et al. [1].
Theorem 2.3. Suppose that (2.1) holds, and D0 = {(t, s) : t > s ≥ t0}, D = {(t, s) : t ≥ s ≥ t0}. Let H ∈ C(D, R), h ∈
C(D0, R), K , ρ ∈ C1([t0,∞), (0,∞)) satisfy the following three conditions:
(i) H(t, t) = 0 for t ≥ t0; H(t, s) > 0 on D0;
(ii) H has a continuous and nonpositive partial derivative on D0 with respect to the second variable;
(iii) − ∂
∂s (H(t, s)K(s))− H(t, s)K(s)

ρ′(s)
ρ(s) − p(s)r(s)

= h(t, s).
If
lim sup
t→∞
1
H(t, t0)
∫ t
t0
[
H(t, s)K(s)ρ(s)q(s)− ρ(s)r(s)|h(t, s)|
α+1
(α + 1)α+1(H(t, s)K(s)G(s))α
]
ds = ∞, (2.7)
where q(s) and G(s) are defined as Theorem 2.1. Then Eq. (1.1) is oscillatory.
Proof. Suppose on the contrary that Eq. (1.1) has a nonoscillatory solution x(t). Without loss of generality, we may assume
that x(t) > 0 for t ≥ t1 ≥ t0 and x[ g(t,a)2 ] > 0 for t ≥ t2 ≥ t1. As in the proof of Theorem 2.1, define
W (t) = ρ(t) r(t)(x
(n−1)(t))α
xα

g(t,a)
2
 , t ≥ t3,
we can obtain (2.3) for t ≥ t4 ≥ t3, that is
ρ(t)q(t) ≤ −W ′(t)+

ρ ′(t)
ρ(t)
− p(t)
r(t)

W (t)− αMg
′(t, a)gn−2(t, a)(W (t))
α+1
α
2(ρ(t)r(t))
1
α
, t ≥ t4. (2.8)
Multiplying (2.8), with t replaced by s, by H(t, s)K(s) and integrating from T ≥ t4 to t , we have∫ t
T
H(t, s)K(s)ρ(s)q(s)ds ≤ −
∫ t
T
H(t, s)K(s)W ′(s)ds+
∫ t
T
H(t, s)K(s)

ρ ′(s)
ρ(s)
− p(s)
r(s)

W (s)ds
−
∫ t
T
H(t, s)K(s)
αMg ′(s, a)gn−2(s, a)(W (s))
α+1
α
2(ρ(s)r(s))
1
α
ds
≤ H(t, T )K(T )W (T )−
∫ t
T
[
− ∂
∂s
(H(t, s)K(s))− H(t, s)K(s)

ρ ′(s)
ρ(s)
− p(s)
r(s)
]
W (s)ds
−
∫ t
T
αH(t, s)K(s)G(s)
(W (s))
α+1
α
(ρ(s)r(s))
1
α
ds
≤ H(t, T )K(T )W (T )+
∫ t
T
|h(s)|W (s)ds−
∫ t
T
αH(t, s)K(s)G(s)
(W (s))
α+1
α
(ρ(s)r(s))
1
α
ds, (2.9)
where G(s) = M2 g ′(s, a)gn−2(t, a).
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Hence, according to Lemma 2.3, with
A = [αH(t, s)K(s)G(s)] αα+1 W (s)
(ρ(s)r(s))
1
α+1
, λ = α + 1
α
B =

α
α + 1
α [
ρ(s)r(s)
(αH(t, s)K(s)G(s))α
] α
α+1 |h(t, s)|α.
We obtain that for all t > T ≥ t4,
|h(t, s)|W (s)− αH(t, s)K(s)G(s) (W (s))
α+1
α
(ρ(s)r(s))
1
α
≤ ρ(s)r(s)
(α + 1)α+1(H(t, s)K(s)G(s))α |h(t, s)|
α+1. (2.10)
From (2.9) and (2.10) we have∫ t
T
[
H(t, s)K(s)ρ(s)q(s)− ρ(s)r(s)|h(t, s)|
α+1
(α + 1)α+1(H(t, s)K(s)G(s))α
]
ds
≤ H(t, T )K(T )W (T ) ≤ H(t, t0)K(T )W (T ), for t > T ≥ t4.
In the above inequality we choose T = t4, then we have∫ t
t0
[
H(t, s)K(s)ρ(s)q(s)− ρ(s)r(s)|h(t, s)|
α+1
(α + 1)α+1(H(t, s)K(s)G(s))α
]
ds
=
∫ t4
t0
+
∫ t
t4
[
H(t, s)K(s)ρ(s)q(s)− ρ(s)r(s)|h(t, s)|
α+1
(α + 1)α+1(H(t, s)K(s)G(s))α
]
ds
≤ H(t, t0)
∫ t4
t0
K(s)ρ(s)q(s)ds+ H(t, t0)K(t4)W (t4),
which contradicts (2.7). This completes the proof of Theorem 2.3. 
Corollary 2.4. Let Condition (2.7) in Theorem 2.3 be replaced by
lim sup
t→∞
1
H(t, t0)
∫ t
t0
H(t, s)K(s)ρ(s)q(s)ds = ∞
and
lim sup
t→∞
1
H(t, t0)
∫ t
t0
ρ(s)r(s)|h(t, s)|α+1
(H(t, s)K(s)g ′(s, a)gn−2(t, a))α
ds <∞,
then Eq. (1.1) is oscillatory.
Remark 2. TakingH(t, s) = (t− s)λ for some constant λ > 1, which obviously satisfies the conditions of Theorem 2.3, then
the oscillation criterion of Li and Yeh [8] is a special case of our Theorem 2.3.
Remark 3. Manojlovic [10] and Wang [12] presented some oscillation criteria for Eq. (1.2), Theorem 1 and Corollary 1
in [10,12] are special cases of our Theorem 2.3 and Corollary 2.4.
Remark 4. Li et al. [9] and Yang [13] presented some oscillation criteria of second order half-linear ordinary differential
equations with a half-linear damped term; Theorem 1 in [9,13] is also a special case of our Theorem 2.3.
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